B. Tech.
(SEM. I EXAMINATION 2007—08
 MATHEMATIC

LA

Time: 3 Hours

Total Marks: 100

Note: Attempt all the problems. Internal choice are mentioned in every problem.

Q. 1. Attempt any Two parts : (10x2=20)

(a) Define the given values, eigenvectors and
the characteristic equation of a square matrix. Find
the characteristics equation/polynomial, eigen
values and eigen vectors of the matrix :

257
5 31
702

Ans. Characteristic Equation : Let A be a square
matrix. Then the equation
14A-Al1=0
is called characteristic equation of matrix 4.
Eigen Vatue : Let A4 be a square matrix. The values
of A satisfying
14-A1=0
are called eigen values of matrix 4.
Eigen Vectors : Let A be a square matrix. Let A be
an eigen value of A. 4 non zero column vector x
satisfying

(A—Alx= 0iscalled eigen vector of matrix 4

corresponding to eigen value A.
lind Part:

2 5
Giverimatrix 4=|3 3
7 0 2
Characteristics equation of 4 is
14A-M1=0
2.0 57
= 5 3-A 1 |=0
7 0 2-A

=2-V)[G-V)2-V]- 5[5(2
+1-1G-N)]=

7
1

D-7]

=(2-A)(6-3A=2L+\)--5{(10-5A-T7)
+7(~21+70)=0
= 2-0)(6-5A+AH)-5(3-51)—147
+490.=0 ,
= 12- JOA+2A2—6A+5A2-A3 - 15+ 250
— 147 +49A=0
=M+ 722+ 520-150=0
= A-TA2-52A+150=0
which is not further solvable at our level
Q.1. (b)) Check the consistancy of the following
system of linear non-homogeneous equations and
find the solution, if exists :
7x, + 2x, + 3x; = 16
2x, + 1x, + 5x;, =25
x,+3x, +4x; =13
Ans. Given system of equation is
7x,+ 2%, +3x,= 16
2x, + 11x,+5x,=25
X, 3x,+4x, =13

7 2 3116
Augmented matrix [4. B]= z i 5525
1 3 4,13
[1 3 4113
~12 11 5i25 R, >R,
(7.2 3416
t 41137
~10 s =3 -l R,—R,-2R,
0 ~19 -25,-15 : _
R,—>R,~R,
3 4 113
0 20 -12; —4 R, —>4R,
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Ans. Givenmatrix 4=

(1 3 4

13
~10 1 -371-79 R, >R, +R,
[0 19 -25{-75
13 4 | 13
~{0 1 =371 -79 R,— R, +19R,
|0 0 -7281]-1576

Which is in Cohelon form

Here, Rank of 4=3

Rank of [4. B]=3

No. of unknown =3

: Rank of [4 . B] = Rank of 4 = No. of unknown
> System has unique soln.

Rewriting the system,

Ix, +3x, +4x;= 13 ¢))
1x,~37x,=-79 .(2)
—728x; = ~ 1567 (3)
From(3),
_ 1576 197
BT Tm8 T 9l

Putting x, in (2),

197
X, ==T79+37x —

91
100
= x,= or
Putting x, and x, in (1),
x=13-3x i g T
! 91 " 9]
95
= X, = Y
Thus :

95 100 . 197
BT o T o T g1

Q.1(c) Find the inverse of the matrix

11 1}
5

% % %
%%yﬂj

pu

— Y- )| -

Nl = N -
N|—= - -

[

3T
D= | =

N W N -

T

1

—

[

A=IA
117
-:' f 100
11 00 1
7 1
2 2]
? f (2 0 0
3 7|91 04 R-o2R
1 0 01
7 11
2 277 ]
3 5 2 00
A+ -2
T e R
+1 3 -2
10s 275] L5 0 1]
R2'-)R2_—'
RJ—‘)RJ—-
2 2]
3 53 2 0 0
Io-2 (=30 45 0|4
3|2 0
10s 275] L3
) Rz—--)45R2
0o 2
3; -18 30 0
L2 =] 30 45 04
202 | |_# B,
13475 | 57
: 2
R>R -5 R,
N B
R3---)R3—'l—65R2
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~ Ans.

1o X
35 -18 30 0
=0 1 3 30 —45 0
0 0 |7 —4620 +5775 13475
100 202 202
13475
A R3—)R1 202
[ 1350 1050 —4620]
101 101 101
100 1050  —6615 +5775
=0 T 01 10 202 202 |4
001 4620 45775 13475
[ 101 202 202 |
24
R~ Ry— 35 Ry
3
Ry~ Ry + SRy
[ 1350 1050 —4620]
101 101 101
g 1050 —6615 5775
101 101 202
4620 5775 13475
101 202 202+
2700 -13230 .-9240
=503 2100 —13230 <5775 | Ans.
-9240 5775 13475
Q.2. Attemptany Two parts: _ (10x2=20)

(a) State Leibnitz theorem for n'* differential

coefTicient of the product of two functions. If y/l m+

y—%n =2x, prove that
=Dy, tQ@u+ )y, @ -md)y,=0

Leibnitz’s Theorem : For two functions  and

v.(un=ncounv+n_ u, v, +..+n, uv,

2nd part :

1
— +

i
ym .V_—";
= z+z"!

= 2+1=

=2

= (-

= 2Z2_2xz+1=0

2x +V4x? -4
= 7= —
2
29 -1
"2
= I=Xx \[,CZ_]
= )7|/m—x:t .\72——|
m
= y= (xt\/xz-])
Case -1l '

When

m
y= (x.t\/xz—l)
-1
= »=m (.\'+\/x2—l)
2Vx? -1
-1
= ,/xl_] »y=m (x+\/x2—l)

(x+ xz—l)

= ,xZ__I)-|=~m (.\‘—\/xz-—l)m

N 2 y|=——mv

= (x —l)y 2= g2 y?
Thus in both cases,

=Ny 2=m’y
Differentiating above expressnon

2cy 2+ (¥ - 1)=2y, Y, = 221,

= xv|+()r—l)y = m’y
= (v-+lv2+xy|—m y=0 w (D
Differentiating (1) n times by Cebhitz’s theorem,
(xz - l)yn+ 2t "CI (Zx)yn 7t "C2 (2)"})1]

+[xy,  + "C(Dy]-m*y, =0.

= (-1, ,+2nxy, | +nn-1)y,
+ X_V” 1 —X}’" - m2 yn =0
[ ¢ =n"C, = 1(22:2}

+@nx +x)y,
+[n(n—l)+n m]y =0

= (- 1y, ,+@2n+ Dxy, | +(l1~+m2)y

=0 Hence Proved.

l)yu-l
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Zu 32" %u o%u

Q.2(b) Verify that ——

axay  dyax ~ dyox  dyox
x2+ 2 ! — s 1} E . ] l
whereu(x,y)=log¢( 24 ) Q.2(¢c) Ifu=xsin y ) tysin , find the
T X2 ;‘3’ u 9u *u
Ans. u=1log = ry valueof X! —5 +2p = +y? =7
o xy ax » axady dy
Pu o e (ﬁ) - (z)
; = Ans. u=Xx sin + y sin
To verify a3y  apox. . y x
?u _ s 2 z-—n(_y_)
We shall ﬁrstcalculate E = ulx, y)—x[s‘“ ( y)+xsm .
pd
Now % u=log .8 :yy =x°j(x)
= u=log (2 +)?)—logx—logy => ; ;sFt:l :‘t:)rl:oﬂ%:;‘:x:s function of degree n=1
= éu‘ = zxy 2 —‘l— ou Ju
dy x“+y" .y ¥ 5 +y Sy_ =u
__iiu__ __a_ Qy_ ’ Ju . Ou
= dx  ox \ox, = x5ty w -
Py 2y _ l 2)(2x) Differentiating (1) partially w.r.tox,
=$ x2+y2 y| —(xz+y2)2 , : 9_+x22_u_ y %u _i
u ~4xy o 52” ax: oxdy ax
= 303 (2 4 v2)2 Pu  ou ‘
dyox (x +y%) == -
ou = "’ oA~ -@
Again, = = [Iog(xz +y%)—logx—logy] Agam
2x l Diff. (1) partially w.r. t0y,
=X2+ 2 "% i[x_ai‘.]_‘__a_ a_u _Q
) ‘) AN I ™
a"=i(§3) Pu o u_du
= ; u u
YRS EACRE
d 2x 1
= - o%u o%u
dy (x2+y2 x) = ”5Ia;+y2$= ~0)
( +1 )22 Adding(2)and3)
=-2x 2 2 a4 a’.’. 2 2
> ""’atzl*'zxy‘“"'—aa: 82 =0. Ans.
v Ay 3 x xdy = i
= dax. T T (2 +y?)? ---@ Q3. Attempt any Four parts: (5%4=20)
From (1)and (2) (a) Expand e* cosy about the point (l’;—)'_

Ans. Given function
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fix,y)=¢e"cosy

= f=ecosy
= =_—e'siny
J =€ cosy
fy=—é'siny
fyy=—e‘cosy
=€ cosy
f. =—ecosy
f}y=e’siny

Thus we )g)zt the following table :
Value : af (I,E)

Function 2

£

4 ;3
- e
. 7
e

5 -5
\ e

S &
e

2 -
- e

5 "%
e

- b
e
Joy -5
e
Joy -_ﬁ
e

Loy N

*. By Taylor’s theorem,

. 1
f(x,.}’):/(],%) + 1—]" [(x—l)f, +(y——:—‘»)fy]+ E_'

|:(Jc—])2 fe +2(x—l)(y—-g)fv +(y%)- f‘y]

- % + % [(x—l)—%+(y--§)(—7ei-)] +‘§l_!

R -
e 2_3 & enfy-Z]--2|,-E
[ﬁ‘*"’ ZJE("")(’ At 4)]
1 e 3 e w2, T
3fgororgor()
_}’_(x_l)( _1‘_)2 +_e_(y_£)3
N Y72 TRUTe) |

<& [l+(x——l)—(y%:)+—;-(x—l)2 -(x=D

O G

1 &) 1 =Y
—5(1“1)()?—2) +z()"z) ]+

Q.3 (b) Calculate the Jacobian ¥ W) o ihe

3(x9y,z)
following : .
u=x+2y+z
v=x+2p+3z
w=2x+3p+5z
W o
dx Jdy oz
Ans o(u,v,w) _ v .
ns. a(x, y,2) & dy oz
9w dw dw
ax oJy oz
1 2 1
=11 2 3
2 35 :
=1(1)-2(-1)+1(-1)
=2+1-1
=2. Anms.

Q. 3 (c) Discuss the maxima and minima of the
function: f(x, y) = cos x cosy cos(x +y)
Ans. Hence, Sx. ¥)=cos x cos y cos(x + )
=cos y [-sinxcos (x +y)
—cos x sin (x +)2)]
=—cosy[sinxcos(x+y)
+ cos x sin (x + )]
=-—cosysin(x +y) :
[ sin A cos B+ cos A4 sin =sin (4 + B)]
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S o sin(x+y)cosy

=
Similarly,
¥ g +2
Ay = —sin(x+2)cosx
_For stationary values,
a;/- = 'a'[' =
ox = Oy
Jd
Now, 3%

= —sin(2x+ y)cosy=0
= sin(2x+y)=0

= sin(2x+y)=sinx
= 2x+ty=n-(l)
Similarly,

= x+2y=n «(2)
Solvmg () and (2),

—y= =

x
TR
( 3’ 3) is stationary point.

Now,

2’ 3 Qf) _ -

p= i (ax =—-2c¢0s (2x+y)cosy
i g

iy 2 (B s
2f 3 (o ' /

= ayz = ay (ayJ =-2c05(x+2}’)c°5x

—

n
r=-2cosncos 3 =-2(-1) (5) =1

n |
$=-CO0S$ N COS -3- =—(-1) (2) =

1
2
—-2cos1tcos - —(—2)(—-1) (—;—)

1
Now, xt-s=(D)- (2}

= %(+ve)

Also, r=1(+ve)
rt—s2is +ve
and # is also +ve

53)
. fis minimum at 3’3

.. . R n 2r
Minimum value = cos — cos — cos —
, 3 3 3

! |

R —_—

2 2 2

1
= ’8' . Ans.

Q.3.(d) Find a point on the ellipse 4x* +y? =4 nearest
to the point (1,2).
Ans. Given ellipse is
4x2+y2 =4
Let P(x, y) be the point on given ellipse nearest
to (X1,2)

i Vor=1 +(y-2)°
[By distance formula]
Let f=G-1)2+ (-2 -
o=4ax2+)2 -4
By log range is method, -
J .9
m*xm
af a¢ .
= 2x-1)+A8)=0 (D)

2(v-2)+ M2y)=0 w(2)
From(1), x-1+4xA=0

1

1+4A
From(2), y-2+Aiy=0

2

RREYY ‘
Putting x and y in 4x2 + )2 = 4, we get

4 4
. 2 + 2
(I'+44) (1+3)
Solving above, we shall obtain A, and then x and
y to obtain desired point.

= x=

=

=4, we get
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Q.3.(¢) Find the extreme value of x2 +y2+ 22 subject , 1
to the condition xy +yz +zx=p. = §=202)(3)"°.(-0.01)+ ITE () 3y
Ans. Given function ©oon:
f=x2+y?+2? 1 .
conditunisxy +yz+zx=p = 310 [—0.04 +B(4)(3 )(0.0l)] '
= p=xytyz+tz-p
By log range’s method, = 3310 [_0_04 + 0.(;04]
-é—f; ”‘53 =0 =3-910[..0.12 +0.004]
af a¢ : =3"910[(~0.116))
+A— = f(1.99,3.01)=£2,3)+&f
ay ay =22(3)?/I0+( 0:1 16)3_9“0
g{ +X33 = 31110 [4—9_15!-6-]
= &+ Ay +2)=0" (b = 3910[1220.116]
i 0 Sali?
Eqn. (1)—Eqn (2) gives, b =0.3720x 11.884=4.4213. Ans.
=y + My—x)=0 Q4. Attemptany Four parts: (5x4=20)
x=y (@) Evaluate the following by changing into polgr.
- i [2_ 2
Eqn;(23 - fin;f(?_g;,\),fb co-ordinates : j.: Io “r dydx.
y=z

Thus, x=y=z Ans. Given integral is
a

AL ~I=_[y=0'J"’“” rmdydx

x=0

N 2=2 The region of integration is shown in figure.
3 y
p 0, a) . .
= ===z -
}’2 3 ) X = /a2 B y2
- Extreme value of x=0
f- R+ N
P PP Xt 0 y=0 X
= 3‘ ? 3‘ =p. Ans.
y i L
Q3.(N) Uf(x,p)=x* y"1° compute the value of f yr-
when x=1.99 and y=3.01. Changing the polars.
Ans. Hence f=x2 yV10 x=rcos0,y=rsin@
To calculate {1.99,3.01) : = dvdv=rdrdd
Let x=2, y=3 Cn
= x+8&=199, y+8y=30l Also, limitsare 0<r<q,0<0< 5
= ax=-0.01, dy=+0.0l 2 a
. f=x2 y\1o
Y ¥ == j (r sin 9)2 2 rdrd8
= — 8=0 r=0
= &= 8x+ 3y oy , .
L 9110 2,,-1/10 = J J' 4 sin Odl
= &= 2xy 8x+ﬁx'y Sy r* sin’ Odr 48

e:O I'=0
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r
5

L1

]" sin2 0 d9
r=0 -
5

n/
J- 2 sin2odd
5

(&)

8=0
{2
=-(—'5- j sin2 © 4O
5 oro
s ®/2
=95— J sin? O cos a0 4
2+1 j0+1
=£“;‘l V2
5 2+0+2
2
2 Pt jgtl
"J- 2 Y2 V2
sin Ocosaeaﬂ
d 5 ptq+2
‘ 2
3 i1 1
_4a E\li_as 2‘/5121“'5
=— ML Ve = = <—ARS.
5 2.0 S 1 2

Q.4.(b) Find the area enclosed between the parabola
y=4x-x2and the liney=x.
Ans. Given parabola isy = 4x—x?

Givenlineisy =x

Now, y=4x-x*

)
= —[(x=2)-4]
= y-4=—(x-2)
Required arca = area of shaded region R

(3.3

y=-4x—x2

-

0/1(0,0)

=g@w

Limits are,x < y < 4x — x?
0<x<3.

3 4x-—x
= Required area = j ! ~dy dx
x=0 y=x .

X-.\’

il

(Ax-x2—x)dx

s
]

It

3 2P
I Gx-F)yde=|35 "7
o

9

- NAy_
__')_9__

Q.4 (c) Chang; the order of integration in

[T rem .

Ans.

a 2a-x ’
Ans. Givenintegral /= J’ I Ax.y)dxdy
x=0 y=x/a

Region of integration is shown in the figure by
shaded portion.
By changing the order of integration

l=g ) de dy + {f Repydedy

1(0,2a)
y+x=2a
2 ~

x=0 (@a) 2

ForR,, ()st\/;-y
' 0<y<a
0€x<2a-y
asy<2a
a o
= 1= [ [renad

»=0 y=0

ForR,
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+ T zTyf (x,¥) dx dy. Ans.
x=0x=0 ®

Q.4.(d) Find the volume of the solid surrounded by

-3 3 %
the surface (ﬁ)}/ + (—‘E)y + (i) =1
‘ a b ) c

Ans. Given surface is
- 213 213, N\2/3
(2‘_) N (z) + (3) -1
a _ b c
Required volume =3 Hj dx dy dz
g

where V is the region,
x20, y20, z20

(§)2l3 2/3( )2/3 k26/{;”
3] on (3] -

—_—
afw

= x =X, Y_pr Z_pn
a b ¢
= x=aX3?, y=bY? z=cz¥
3a l
= dx=—2“X2dX,
3b 3¢ 1
dy= ‘;‘deY dz*‘722¢2
3 3b 3
Required volume =3 , H - =
H 70202

[ |
X2y2 72 dXdYdZ
where I’ isthe region X20,Y20,Z20
X+¥Y+2Z<l|
= Required volume

=27abe I&U " Y%—l 2 axavaz

Z2
333
=27ab 232 32
—+=+=+1
2 22

[By Dirchlet’s Theorem))

Ve
=27abc 2

-

d

[SEE
a

| —

27abc

[

&

LSRR
N~

N'lu' o N‘
N |-

, 4abcn
IR

Q.4. (¢) Define Gamma and Beta functioas. Prove

. Ans,

that B{, m) B (I +m, n) B(l +m+a, p)

[tlmla]p
=i +mtn+p
Ans. Gamma Function: Gamma function denoted
by [ is defined as

In= I e*x" 'de n>0

Beta ancuon Beta function is denotedby B(m,
n) and is defined as
!
B(m, n)= j x™
0
2nd Part: To prove that

B(l,m)B(I+m, n)B{{+m+n+p)
[tlmln[p

- (+m+n+p
LHS=B({ m)B({I+m, n).B(l+m+n,p)

leln  Texmin l*n*mlp

“Texm Uvmen {H+m+n+p

[ B(p.9) = IEE]

C ol ,
= -__c_'."_.’!_[’-; :R.H.S.

ll+m+n+p
Q.4.(f) Show that J' (-0 dy=

U(l=x) '

396

Ans. Put I= ) () =x)0dy

= O Sty

Put =
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= x=y
|2
= 'dx=§y3dy
At x=0, y=0
At x=1, y=I
\ s ]
= 1=£ y A=y sy Py
[
=3 jy(l -0 dy
0
.
—..—.EJ.yZ—I(] y)ll-ldy
0
}- 2, 11

Im l-x)""dy = B(m| nl)

\
r_.-__.._...._‘
o _
~_..__IL—._-..-.—-.J

ti+n |

[2h { B(m.n) = E’,_'”.

! 11%x10!
3 12x1ix1i0!
1

T 3xlIx12
1

396

Q. 5. Attempt any Three parts: - (5%4=20)

—-’ - ry ”~ -
(@) if r =xi+yj +zk thenshow that

Y -
() V (a.r)= a where a isaconstant vector.
-
@iy gradr= r
r

s

1 r
(iii) grad - =
r

- -
@) gradr"=nr"-*r wherer=|r|

_)
r=x J +xk
- . . n
Let a=ai .I +a3k
- -
= a.r xta,yta,z

i —a— (a,x +ayy+ay7)

NN
=>V(a.r)=

d
+J FN (a|x+a2y+a3z)+k -——(a‘x+a2y+a3z)

=a,i +azj+a;k ‘

- .. i
=q [ grad ¢ = 2-5;]
Before Proving (i} and (iii), we shall prove (iv)

- -~ ~
ie, gad=nr" 2 r ni+yJj +zk

-
= r=|r]

Now, grad f= Zi ?—

= gradr”=z = (. gx

= Z 2l +yj+zk)

.—)
= gradr"=np"2 r (2
Hence Proved.

(i) To prove grad r =

Y~

Putting n=-1in(2),

—’
gradri=1/-2r
-
= gradr= r
r
-
1
(iii) To prove grad -= —';-

Putting n=-1in (2), we get :
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. Y
gadr'=(-1)r'-2 r

1 r

= grad Pl

- - -2 -
Q.5. (b) Prove that @ x(Vx r)=V(a , r)

- - -
— (a.V) r where @ is a constant vector and

- - - ~
r=xi+yj+zk.
Ams. To prove that

2x(Vxr)=v(a.r)-(a.V)r.

g . " -
Let a=ai+ta J+a3k
_-)
-r=xi +y_l+:.?
Now,

j
9

N QJ‘QJ =y

i

- d
(.‘er)— > 3
x )y

+

=iw;m-}m-m k (0-0)
=0

=(a,i +agi+ak).(xi +yd +zk)

=axtaytaz
- ~ d
=V(a.r)=i > (a)x + ay + ay2)

a .
' y (a)x + ayy + a;2)
)
k &-(a,x+a2y+a3z)

=ia +Ja2+ ka3

-

>V(a.r)=a )

- " A -
(a.V)=(ai+a,)+ak)

x(V x 7)=0 ()

(l—b+7fa—+lei) -
ox v 9z
i J d
BRI F PR
= (a V).:—(al ba :€)~-+(I;~a~)
ox ()y T dz

(xt +yj+"k)

-—a,: +azj+a3k

=: e 3}
From (2) and (3)
- - - - - -
V(a.r)-(a.¥), - a~a
- - - -
= V(a.r)-(a.\v)r=0 ..(4)

From (1)and (4),

g - - - s -3
ax(V.r)=V(a.r)-(a.v)r
Q.5. (c) State the Green’s theorum. Verify it by

evaluating ! [(—\‘3 - A?J)dx "‘(}’ P2y )‘b’] where

Cisthe square having the vertices at the points (0,
0),(2,0),(2,2)and (0,2).
Ans. Green’s Theorem :
that

Green’s theorem states

@(ngdy) - H(gg__a_e) dedy

where Cisa closed curve bounding the region R.
2nd Port: Given integral

1= j[x’—xy’+wc+(y2—2ay)du1.

j (Pdc+0dy]

where Cis the square shown in figure.
y -

(0d) y=2

c B(at,a)

x=0 ! x=2

(0,00 y=0 A (200
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Now, to verify Green’s theorem we have to show,

j(Pdey) ”(QQ_QE] de dy

+ [ (Pacrod) + [ (Pds+Qd)

AB BC

j (Pdx +Qdy) (D)

AlongOAy 0 = dy=0
x varies from 0 to 2

2 41
@: 3 =[.x_L='
o";l’dx+Q _ !xaﬁc =l =4

AlongAB: x=2 = dx=0
y varies from 0 to 2

2
- [earod) [0 -49) &
A0 0

.
y a2l
=|2X-2

8 16
= 5—8—-——; -(3)

.Along BC, y=2, = dy=0
x varies from2to 0.

0
. I(P¢r+Qdy) = j(x3-sx) dx
2

BC

4

0
4. 2 5
16 :
abvy +16=12 )]
Along CO, x=0,dx=0
yvaries from2to 0 :

]

0
o [ Parrody = [ &
Cco 2

-(2)

3
y 3
=l ==~ «(5)

Putting values from (2), (3), (4) and (5), (1) gives

jp¢c+Qdy =4- E + 1z-§

= ijQdy -3 (6)
c

= [[2r+inh) & ay
R

Limitsare,0< x<2
0<y<g2

= )
2

= } | Copeant) dedy

x=0y=0
2 3 2
- J‘[-y’-nx%-] dx
x=0 ly =0
-2
= I(—4x+4xz):

Lo
(]

fi

(—4x+4x2)z =_8+16=8..(7)
From (6)and (7) '

dex+Qdy U(ﬂg_i’i) de dy

Hence Green’s theorem is verified.

Download All Btech Stuff From StudentSuvidha.com


http://studentsuvidha.com/
http://studentsuvidha.com/

